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flow and heat transfer for a power-law fluid with variable fluid
properties over a permeable stretching sheet
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ABSTRACT ARTICLE HISTORY

This manuscript considers the problem of MHD boundary layer flow  Received 3 October 2021
and heat transfer of power — law fluid with variable fluid properties ~ Accepted 10 March 2022
over a nonlinear stretching sheet in the presence of viscous dissi- KEYWORDS

pation and thermal radiation subject to a non-uniform transverse Power-law fluid: variable
magnetic field and non-uniform heat generation. The governing  fiid properties; permeable

boundary layer equations are transformed into a system of non- stretching surface; non —
linear ordinary differential equations using suitable transformation uniform heat generation;
which are solved numerically using fourth order Rung-Kutta inte- viscous dissipation

gration scheme coupled with the shooting method. The effects of
various parameters on the velocity, temperature, local skin-friction
and the local Nusselt number are presented and discussed. We found
that is as the radiation parameter R increases the temperature of a
power-law fluid and the Nusselt number increase, while the viscosity
parameter increasing leads to decreasing on the velocity of the fluid
and local skin-friction.

Nomenclature

ABcm,r constants

A*, B* space and temperature — dependent heat generation /absorption
parameter

B(x) magnetic field

Bo imposed magnetic field(Wbm~2)

Cfy local skin-friction coefficient

[ specific heat at constant pressure(Jkg~'K~1)

E. local Eckert parameter

f dimensionless stream function

fw suction / injection parameter

K consistency coefficient for power-law fluid (Pas" )

k* mean absorption coefficient

M magnetic parameter

n power-law index
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Nuy local Nusselt number

Pr generalized Prandtl number

ar radiative heat flux

R radiation parameter

Rey local Reynolds number

T fluid temperature (K)

Tref reference temperature (K)

Uy stretch sheet velocity (m/s)

Vi wall mass transfer velocity(m/s)

u,v velocity component along (x, y) axis (m/s)

X,y Cartesian coordinates (m)
Greek symbols

Ty  shear stress(Pa)

K thermal conductivity coefficient (Wm~1K~1)
Koo ambient thermal conductivity (Wm~'K~")
o« ambient dynamic fluid viscosity (Pas")

similarity variable

variable thermal conductivity parameter

"
n
€
o viscosity parameter

0 dimensionless temperature

W free stream function(m?s~)
o electric conductivity(Sm~")

o1 Stefan—Boltzmann constant
p  fluid density(kgm~3)

Superscripts

! differentiation with respect to n

Subscripts
w  wall condition

oo free stream condition

1. Introduction

The study of non - Newtonian fluids has received the attention of many researchers
because of its diverse applications, such as food engineering, petroleum production, poly-
mer melt, polymer solutions, etc. In many chemical engineering processes, the most model
used in non — Newtonian fluids is the Ostwald-de Wael power law model, where the

relationship between the shear stress and the strain rate is

~
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where 1,y is the shear stress, K is the consistency index and, n is the power-law index. When
(n = 1) the fluid is Newtonian, (n < 1) the behavior of the fluid is Pseudo plastic (shear-
thinning) and (n > 1) itis the dilutant (shear-thickening) fluid. Several authors investigated
the flow and heat transfer of non - Newtonian fluid using Ostwald-de Wael power law
model under various conditions [1-19]

In all these above studies, the thermos-physical properties of the ambient fluid are con-
sidered to be constant. For lubricating fluids, heat generated by internal friction and the
corresponding rise in the temperature affects the physical properties of the fluid, and so
the properties of the fluid are no longer assumed to be constant. The increase in tempera-
ture leads to boost in the transport phenomena by reducing the physical properties across
the thermal boundary layer and the heat transfer at the wall is also affected. Therefore, to
predict the flow and heat transfer rates, it is necessary to take into account the variable fluid
properties. Many investigators examined the influences of a change in physical properties
on flow and heat transfere over several plates [20-24].

The viscosity of a fluid is a measure of its resistance to deformation at a given rate. Vis-
cosity can be conceptualized as quantifying the internal frictional force that arises between
adjacent layers of fluid that are in relative motion. It is useful for calculating the force needed
to move the fluid which has agreat important in some industries like; petroleum, printing,
food and beverages manufactureing. In the area of the flow of an incompressible viscous
fluid various aspects of the problem have been investigated [25-32].

The irreversible process by means of which the transformation of kinetic motion of fluid
into a thermal energy is defined as viscous dissipation. It has a significant effect on a heat
transfer especially for high-velocity flows, highly viscous flows even at moderate velocities,
for fluids with a moderate Prandtl number and moderate velocities with small wall-to-fluid
temperature difference or with low wall heat fluxes. The effect of viscous dissipation on
the hydromagnetic flow and heat transfere for different fluids has been studied by many
authors [33-36].

Mahmoud and Megahed [37] examined the effects of viscous dissipation, non-uniform
heat generation/absorption on a non-Newtonian power-law fluid flow over a non-linear
stretching sheet; They solved the transformed non-linear system of equations using a
Shooting method with Runge-Kutta iteration. We will extend the previous study by tak-
ing the effects of thermal radiation, variable viscosity and variable thermal conductivity on
steady MHD boundary layer flow of an incompressible power-law fluid and heat transfer
over a moving nonlinearity stretching sheet in the presence of suction/injection.

2. Mathematical formulation

Consider a steady laminar two-dimensional MHD flow of an incompressible viscous power-
law fluid past a non-linearly stretching sheet with variable viscosity and thermal conduc-
tivity in the presence of thermal radiation and non-uniform heat generation. Introducing
the Cartesian coordinate system, the x-axis extends parallel to the plate, while the y -
axis extends upwards, normal to it as shown in Figure 1. A non-uniform magnetic field of
strength B(x) = Boxm%1 is applied in the positive y-direction normal to the sheet. It is also
assumed that the stretching sheet move with a velocity u,, (x) = cx™.
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Figure 1. Physical model and coordinate system.

Under the above considerations the steady boundary layer equations governing the flow
and heat transfer are:

ou n v 0 2
ax dy
du  du 19 ul"ou\  oB2(x)
Um Voo =—— (K|~ — |~ u, (3)
ox dy  pay ay ay P
T  aT 1 3 aT 19 du|™
Um Voo = —— <K(T)—>——ﬂ+i = —q"”, 4
ox dy  pcp oy ay pCp 0y pCp| Ay PCp
subject to boundary conditions
y=0:u=uw(),v=vwXx), T=TyX (5)
y—>00:U— 0T Ta (6)

where K and « are the consistency and the thermal conductivity coefficients respectively
and defined as:

o T=Too

K = oo a<TW*T°°>, (7)

T—T
K=Koo(1+€ﬁ>. (8)

The non-uniform heat generation (see [38]) is defined as:

" KoolU u
q" = <p i W) [A(TW—TOO)—+B(T—TOO)]. ©)

XMoo Uw
The radiative heat flux g, is appoint according to the Rosseland approximation [39] so that

40 aT4

=———, 10
qr 3k* 3y (10)

we suppose that the temperature difference within the flow is such that T* may be
extended in a Taylor's series. Expanding T# about T, and drop out the higher orders we
get

TH =472 T - 3T%.

The mathematical investigation of the problem is simplified by inserting the following:

2_n~ 1/(n+1)
n = <,0c ) yxm=m=1/(n+1),




WAVES IN RANDOM AND COMPLEX MEDIA . 5

m Czn,-l 1/(n+1)
w — < 00 ) X(m(2n—1)+1)/(n+1)f(n)l (-I-I)
P
T-T 2
QZ—OOrTWZToo_Tref(IO >Xr:
Tw — Teo 2o

where  is the stream function that satisfies the continuity Equation (2) defined by

IV oy

=T T
and 6 is the dimensionless temperature.
Using variables (11) and Equations (7) — (10), the governing Equations (2) - (6) trans-
formed to the following nonlinear ordinary differential equations:

2n—1)+1
ne—a9|f//|n—1f/// _ ae—a9|f//|n9/ — mf + (m( ’:7+ 1) + > f! — Mf' = 0, (12)
1
—[(1 + R+ €6)8" + €6
Pr
2n—1)+1
—wﬁ+cﬂ£:%i—yﬁ—&eWWWH+MW+WMZQ (13)
with boundary conditions
n=0:f=1,f0) =f,00) =1, (14)
n—oo:f - 00— 0, (15)

oBZ . . n _r:
where M = p—co is the magnetic parameter, E, = p“cLchxzm "is the local Eckert parameter,
plre

3
R= % is the radiation parameter, A* = %A and B* = ;—ZZB are the space and temper-
ature - dependent heat generation/ absorption parameters respectively. It is to be noted

that the case (A* > 0,B* > 0), corresponds to internal heat generation and that (A* <

Sny =%
0,B* < 0), corresponds to internal heat absorption. Also, Pr = ’:(C—;C (%) M (1=3m)(1—-n)

1
is the generalized Prandtl number, f,, = —Vz—ff)(Rex)m is the suction/injection parameter,

n 2—n
Rey = % is the local Reynolds number. It is clear that when m = % andr = % asim-
oo

2—n
ilarity solution exist. Therefore the generalized Prandtl number is Pr = %’f (”;—m) " and

the Eckert parameter is E, = ,ﬁtcf,crc,:f'
The physical quantity of interest in this problem is the local skin friction coefficient ¢ and

the local Nusselt number Nuy which can be expressed as

1
ECfX(ReX)% = —e|f"(0)""'F(0), (16)

Nuy(Rex) "2 = —(1 + R + €)0'(0). (17)
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Table 1. Comparison of the values —f"(0) for
various valuesof nwithm =1, =M ="f, = 0.

—f"(0)
Andersson and
n Kumaran [40] Present study
0.5 1.1605 1.0606
0.6 1.0951 1.0950
0.7 1.5450 1.5452
0.8 1.0284 1.0287
0.9 1.0113 1.0111
1 1.0000 1.0000
1.1 0.9924 0.9922
1.2 0.9874 0.9877
13 0.9840 0.9839
14 0.9819 0.9818
15 0.9806 0.9804
1.6 0.9798 0.9798
1.7 0.9795 0.9793
1.9 0.9796 0.9795
2 0.9800 0.9799

Table 2. Comparison of the values —@’(0) for various values of B* with
Pr=10fc=01m=Jr=3a=c=M=f, =R=A"=0.

n=208 n=12
Mahmoud and Mahmoud and
B* Megahed(37] Present study Megahed([27] Present study
—0.5 3.6846 3.6845 3.6945 3.6946
—0.3 3.3995 3.3994 3.4098 3.4099
—0.1 3.0877 3.0877 3.0986 3.0986
0 29192 29190 2.9303 2.9303
0.1 2.7401 2.7402 2.7516 2.7517
0.3 2.3403 2.3403 23535 2.3533
0.5 1.8544 1.8544 1.8728 1.8728

3. Results and discussion

The system of non-linear ordinary differential Equations (12) and (13) combined with the
boundary conditions (14) and (15) were solved numerically using shooting scheme with
fourth-order Runge-Kutta iteration. To verify the merit and accuracy of the numerical
method, the results of the values of —f”(0) (wherem = 1,0 = M = f,, = 0) for various val-
ues of n is compared with those obtained by Andersson and Kumaran [40]. The comparison
shows a good agreement with the previous results as seen in Table 1.

Also, another comparison of the values of —6’(0) (where Pr = 10,Ec = 0.1,m = %,r =
%,(x =—e=M=f, =R=A*=0) is carried out with those obtained by Mahmoud and
Megahed [37], this comparison confirms that our results have a good agreement with the
previous results, see Table 2.

The effects of various parameters on the dimensionless velocity f'(1) and the dimension-
less temperature 6(n) for both cases of pseudo-plastic fluids (n = 0.6) and dilatant fluids
(n = 1.2) were examined in Figures 2-13, we consider the Prendalt number Pr = 10 and
m= %,r = % The variations of f'() and 6(n) with the generalized power-law viscosity
index n is illustrated in Figures 2 and 3 respectively, the dimensionless velocity at the wall
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R=3,0=0.2,e=0.8,M=0.5, f,,=0.7
08 Ec=0.1,4"=0.2,B*=0.2

0.4

n=0.4,0.7,1.1,1.3,1.5

00 L L L —
0 2 4 6 8

Figure 2. Velocity profiles for various values of n.

R=3, @=0.2, €=0.8, M=0.5, f,,=0.7
08 Ec=0.1,4"=0.2,B*=0.2

0.6

0.4]
n=1.5,1.3,1,0.7,0.4

021

00—
0 2 4 6 8 10 12

Figure 3. Temperature profiles for various values of n.

is increasing with an increase in n and the situation is reversed far away from the wall. This
because of the fact states that the pseudo-plastic fluids are more amenable to flow than the
dilatant fluids. Also, it is seen that the dimensionless temperature decreases as n increases.

Figures 4 and 5 represent the dimensionless velocity f'(n) and the dimensionless tem-
perature 6(n) for various values of the magnetic parameter M, it was observed that the
velocity decreases due to the increase of M, but the temperature increases due to the
increase of M. Application of the magnetic field normal to the flow direction gives rise to a
resistive drag-like force acting in a direction opposite to that of the flow. This has a tendency
to reduce the fluid velocity and increases its temperature.

Figures 6 and 7 illustrate the effects of suction parameter (f, > 0) and injection param-
eter (f, < 0) on the dimensionless velocity f'(n) and dimensionless temperature 8 (), the
effect of suction is to decrease the velocity whereas the effect of injection is to increase it.
The physical explanation for such a behavior is that suction stabilizes the boundary layer
growth, while injection increases the velocity in the boundary layer region, indicating that
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I R:O.S,Q:O,7,€:0.]’ﬁvzo.5
08 “ Ec=0.2,4*=0.3,B*=0.3

R=0.5,0=0.7,e=0.1, £,,=0.5
08F Ec=0.2,4"=0.3,B*=0.3

0.6

041

M=0,0.2,0.5,0.7

RNV N\ n=12
[ O - n=0.6
0.0 \\\\ . . n | 1 . . L p
0 2 4 6 8 10
Figure 5. Temperature profiles for various values of M.
-
1.0
R=3,0=0.4,e=0.8,M=0.3
osfh Ec=0.2,4"=0.1,8"=0.1
-------- n=1.2
n=0.6
n
8 10

Figure 6. Velocity profiles for various values of f,,.
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R=3,0=0.4,e=0.8,M=0.3
Ec=0.2,4"=0.1,8"=0.1

0.0

0.8 4

-0.2

06k
04l
02h

0.0

R=3,a=0.2,e=0.8,M=0.5
Ec=0.1,£,=0.7,B"=0

Figure 8. Temperature profiles for various values of A*.

0
1.0
R=3,0=0.2,e=0.8,M=0.5
08l \ Ec=0.1,f,=0.7,4*=0
0.6:
04t B'=-0.5,-0.3,0,0.1,0.2
S U — n=12
n=0.6
0.0 ——— T = . ‘7
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Figure 9. Temperature profiles for various values of B*.
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R=0.3,a0=0.5,£,=0.2,M=0.3
08F Ec=0.4,4"=0.1,B"=0.1

Sw=0.2,0=0.5,e=0.7,M=0.3
Ec=0.4,4"=0.1,8"=0.1

R=0.6,0=0.3,e=0.4,M=0.5
fw=—0.2,4"=-0.1,B"=-0.1

0.8\
06F |
0.4

02f

0.0

—02L

Figure 12. Temperature profiles for various values of Ec.
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\ R:O.6,M:O_7’E:()'3’f;v:_o'1
08 Ec=0.1,4"=-0.2,B*=-0.2

0.4

0.0
0

Figure 13. Velocity profiles for various values of c.

injection helps the flow penetrate more into the fluid. This effect is identical to influence on
dimensionless temperature 6 (7).

Figures 8-12 represent the effects of velocity-dependant heat generation/absorption
parameter A*, temperature-dependent heat generation/ absorption parameter B*, radia-
tion parameter R, thermal conductivity parameter € and Eckert number Ec on the dimen-
sionless temperature for (n = 0.6) and (n = 1.2). We found that the dimensionless tem-
perature increases with increasing heat generation parameters (A* > 0, B* > 0), radiation
parameter R, thermal conductivity parameter € and Eckert number Ec. However, increasing
heat absorption parameters (A* < 0,B* < 0)leads to decreasing the dimensionless tem-
perature. But, it is noted that the direction of heat transfer is reversed for negative values of
the velocity-dependent heat absorption parameter (A* < 0).

Finally, the effect of viscosity parameter on the dimensionless velocity is obvious in
Figure 13. It is clear that the viscosity parameter has an effect of decreasing the velocity of
the fluid. This corresponds to the fact, which states that increasing the viscosity decreases
the velocity, which leads to decreasing in the local skin-friction.

To complete our study, we study the effects of the various parameters on the local
skin-friction and the local Nusselt number. Table 3 displays this results by assigning numer-
ical values to the magnetic parameter M, suction (f,, > 0) or injection (f, < 0) parame-
ter, viscosity parameter «, thermal conductivity parameter ¢, heat generation parameter
(A*,B* > 0) or heat absorption parameter (A*, B* < 0), radiation parameter R and the
Eckert number Ec. We noticed that local skin-friction —Cfy+/Rey/2 and Nusselt number
—Nuy/+/Rey have the same behaviour for both cases of pseudo-plastic fluids (n = 0.6) and
dilatant fluids (n = 1.2). Except the ifluence of the magnetic parameter M on the Nusselt
number, we note that is with the magnetic number increasing the Nusselt number increase
in pseudo-plastic fluids (n = 0.6) and decrease in dilatant fluids (n = 1.2).

Table 3 shows that, the local skin-friction coefficient increases by increasing the mag-
netic parameter M, suction parameter (f,, > 0), velocity and temperature-dependent heat
absorption parameters (A* < 0,B* < 0), while it decreases by increasing the injection
parameter (f, < 0), viscosity parameter «, Eckert number Ec, radiation parameter R,
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Table 3. The values of — @ and 2% with Pr = 10,m = Jandr=2forn=06andn=12.

o,
—Ci/Rex /2 ~Nuy/</Rex

M fw o R E. € A* B* n=0.6 n=12 n=206 n=12

0 0.5 0.7 0.5 0.2 0.1 0.3 03 0.7437 0.7348 1.3762 2.8657

0.5 0.9378 0.9666 1.3773 2.6994

1 1.0753 1.1509 1.6743 2.6333

0.3 —-0.7 0.4 3 0.2 0.8 0.1 0.1 0.6671 0.5452 2.3948 2.5831

—0.3 0.7217 0.6115 2.7865 3.0913

0 0.8143 0.7219 3.5786 3.9893

0.3 0.9166 0.8450 44319 5.0847

0.7 1.0754 1.0264 6.2020 6.7842

0.7 —-0.1 0 0.6 0.1 0.3 —0.2 —0.2 1.1333 0.9997 42761 44047

0.2 1.0584 0.9554 41798 4.3562

0.4 0.9803 0.9095 4.0745 4.3051

0.3 0.2 0.5 0 04 0.7 0.1 0.1 0.8668 0.7996 2.0397 2.5824

1 0.8539 0.7865 2.5932 3.1042

3 0.8389 0.7753 3.3336 3.9807

0.5 —-0.2 0.3 0.6 0 04 —0.1 —0.1 0.9145 0.8001 3.7370 3.8195

0.1 09111 0.7982 34511 3.6094

0.4 0.9012 0.7928 2.6037 2.9815

0.3 0.2 0.5 0.3 04 0 0.1 0.1 0.8720 0.8032 1.9091 24357

0.5 0.8643 0.7973 2.1311 2.6855

0.7 0.8634 0.7953 2.2500 2.7779

0.5 0.7 0.2 3 0.1 0.8 —0.5 0 1.2503 1.1784 10.7375 10.8792

—-0.3 1.2447 1.1750 9.6610 9.7294

0 1.2365 1.1710 7.8733 8.1794

0.1 1.2338 1.1692 7.2769 7.4465

0.2 1.2313 1.1682 6.6821 7.1409

0.5 0.7 0.2 3 0.1 0.8 0 —-0.5 1.2419 1.1746 9.6605 9.9134

—-0.3 1.2400 1.1733 9.0065 9.2769

0 1.2365 1.1710 7.8733 8.1794

0.1 1.2350 1.1700 7.4350 7.7568

0.2 1.2333 1.1688 6.9497 7.2907

thermal conductivity parameter ¢, velocity and temperature-dependent heat generation
parameters (A* > 0,B* > 0).

Also, from Table 3 we notice that the local Nusselt number increases by increasing
suction (f, > 0) parameter, radiation parameter R, thermal conductivity parameter e,
temperature and velocity - dependent heat absorption parameters (B* < 0,A* < 0), this
is due to the fact that increasing the heat absorption creates a layer of cold fluid near to
the heated surface and therefore the heat transfer rate from the surface increases. Also, it
is observed that the local Nusselt number decreases by increasing the injection (f,, < 0)
parameter, the magnetic parameter M, viscosity parameter «, Eckert number Ec, velocity
and temperature-dependent heat generation parameters (A* > 0, B* > 0), this is because
the heat generation mechanism will increase the fluid temperature near the surface and
thus temperature gradient at the surface decreases there by decreasing the heat transfer
at the plate.

4, Conclusion

There are numerous applications of power-law fluids in various manufacturing industries.
Sewage sludge, china clay, oil-water emulsion, cosmetics, paints, synthetic lubricants, bio-
logical fluids, jam, jellies, etc.. The present study describes the boundary layer flow and
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heat transfer of a non-Newtonian power-law fluid with variable physical properties flow
over a stretched sheet under the effects of viscous dissipation, magnetic field, non-uniform
heat generation/absorption with a suction/injection. main observations of this study are as
follows:

e The behaviour of the velocity, temperature of the fluid, local skin-friction and Nusselt
number is similar for both pseudo-plastic fluids and dilatant fluids, except the effect
of the magnetic parameter on the Nusselt number, we note that is with the magnetic
number increasing the Nusselt number.

e An increase in the values of thermal conductivity parameter leads to an increase in
the temperature and the local skin-friction and Nusselt number for Pseudo plastic and
dilutant fluids.

e Increasing of the temperature and velocity-dependent heat absorption parameters
(B* < 0,A* < 0) decrease the dimensionless temperature and increase the local skin-
friction and Nusselt number due to createing a layer of cold fluid near to the heated
surface which leads to increasing the heat transfer rate from the surface.

e The temperature and velocity-dependent heat generation parameters (B* > 0,A* >
0) have the influence of increasing the dimensionless temperature and decreasing
the local skin-friction and Nusselt number because the temperature gradient at the
surface will increase with increasing the fluid temperature near the surface.
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